1, where p and p denote primes. It was showed by Brun [3] in 1919 that
for some constant b > 0, where
In 1949 Selberg [15] proved that we may take b = 8 + o (1) . In 1964 Pan Chengdong [13] proved that b = 6 + o (1) . In 1962 Wang Yuan [16] pointed out that under the GRH, b = 4 + o (1) , and in 1966 Bombieri and Davenport [1] obtained this result unconditionally.
On the other hand, Hardy and Littlewood [10] conjectured that the asymptotic formula
should hold, and the arguments in Hua Loo Keng [11] and in Pan Chengdong [14] lead essentially to the same conjecture. Thus the best possible value for b should be 1 + o (1) . It is rather difficult to reduce the coefficient b = 4 + o (1) . In 1978 Chen Jingrun [4] developed the weighted sieve techniques used in his famous work [5] and proved that π 2 (x) < 3.9171Cx log 2 x .
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In recent years, with the development of mean value theorems to large moduli, the coefficient 3.9171 is reduced to 34/9; 64/17; 3.5; 3.454; 3.418 by Fouvry and Iwaniec [8] , Fouvry [6] , Bombieri, Friedlander and Iwaniec [2] , Fouvry and Grupp [7] , and Jie Wu [17] , respectively. In [17] Chen Jingrun's techniques are applied.
In this paper we shall refine the techniques used in [17] by inserting a new weighted inequality of Chen's type to obtain Theorem. π 2 (x) < 3.406Cx log 2 x .
H(s) and G(s).
In this paper we denote by λ(q) a well-factorable function of level Q and of order k. For the definition of well-factorable functions we refer the reader to [7] .
Lemma 1 ([7]). For an arithmetical function λ of level Q and of order k , Q ≤ Q, λ λ is a well-factorable function of level QQ and of order k + k .
Let A denote a finite set of integers, P an infinite set of primes, and P the set of primes that do not belong to P. For z ≥ 2, put
Lemma 2 ([12]). Suppose that
where λ ± l are well-factorable functions of level Q and L = exp(8ε
f (s) and F (s) are determined by the following differential-difference equation:
here and below , γ is Euler's constant.
Lemma 3 ([9]). We have
Throughout this paper we shall take
For the definitions of H(s) and G(s) we refer the reader to [17] , but for the sake of completeness we repeat them here.
For ε > 0 let
By Π [Y,Z) we denote the characteristic function of the set of the primes in the interval [Y, Z). Let U 0 denote the set which consists of the characteristic function χ of the set {1}. For k = 1, 2, . . . , we denote by U k the set of arithmetical functions χ of the form [12] we know that for any χ ∈ U k , χ is a well-factorable function of level Q and of order k.
For any q ≤ QW −1 put q = Q/q. For any χ ∈ U k we have
By Lemmas 1, 2 and some routine arguments we get
In view of (2.2) and (2.3) it is reasonable to define H x,χ (s) and G x,χ (s) as the supremum of h > −∞ such that
respectively. Let
Then we have
In what follows, we shall denote by χ a well-factorable function of level Q and of order k such that χ ∈ U k and
Proposition 3. We have
Proof. By Propositions 1, 2 we have
and Proposition 3 follows easily.
where w(u) is determined by the following differential-difference equation:
Moreover ,
for u ≥ 1.763. 
Proof. By (2.4), (2.5) we have
By (2.6), (2.7) and Lemma 7 we get
where
By (2.8) with
and some computation we get the assertion of Lemma 8.
We have
Proof. By (2.6) and Proposition 3 we have
By (2.9) we get Lemma 9 easily.
Remark. It should be pointed out that there is a mistake in Lemme 11 of [17] where the term
t dt is missing.
Proof. By (2.6), (2.7) and Lemma 10 we get
By (2.10) with (u, v) = (2.3, 4.12), (u, v) = (2.4, 4) and some computation we get the assertion.
3. Proof of the Theorem. By Buchstab's identity, we have
.
By Buchstab's identity, we have By (3.4)-(3.6) we get
where by E(q) below. By Buchstab's identity we have
In a similar way, we have 
By (3.18)-(3.35) we get
By the definition of H(s), G(s), Lemma 3 and some routine arguments we get
where 3 < u < w < v < 5, and The proof of the Theorem is complete.
